Treatment of Coulomb collisions within the beam requires consideration of both large and small angle scattering. Such collisions lead to the Touschek effect and Intrabeam Scattering (IBS). The Touschek effect refers to particle loss as a result of a single collision, where only transfer from the transverse direction into longitudinal plays a role. It is important to consider this effect for ERL design to have an appropriate choice of collimation system. The IBS is a diffusion process which leads to changes of beam distribution but does not necessarily result in a beam loss. Evaluation of IBS in ERLs, where beam distribution is non-Gaussian, requires special treatment. Here we describe the IBS and Touschek effects with application to ERLs.
INTRODUCTION
A subject of Coulomb scattering within charged particle beams is well established in circular particle accelerators. In this report a brief summary is given with an emphasis on applications to the future high-current high-brightness Energy Recovery Linacs (ERLs). Here we do not attempt to produce a comprehensive list of references on existing IBS models but rather limit discussion to just a few with which we had some experience. Some specifics of the Touschek effect and IBS in ERLs are also discussed.
The effect when particles within the beam can be lost as a result of a single collision event (large-angle scattering) is called Touschek effect [1] . The cause of the Touschek effect is the transformation of the transverse momentum in longitudinal with its amplification by the relativistic factor γ. The particles are lost after collision if the change introduced in the longitudinal momentum is larger than the energy acceptance of accelerator.
When the scattering angles are small, random addition of such small scattering events can lead to a growth of beam dimensions. Such a multiple Coulomb scattering was first applied to explain emittance growth in electron beams [2, 3] and was called "multiple Touschek effect". The multiple Coulomb scattering was later generalized by Piwinski for proton machines without making any restrictions on the magnitude of beam temperatures, thus making it possible to transfer energy from the longitudinal into transverse via collisions [4] . This generalized treatment of multiple small-angle Coulomb scattering was also renamed as the Intrabeam Scattering (IBS) [4] . The IBS theory was later extended to include variations of the betatron functions and momentum dispersion function along the lattice of accelerator, and was summarized in reports by Martini [5] and Piwinski [6] .
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The different approach to IBS using the scattering matrix formalism from quantum electrodynamics was used by Bjorken and Mtingwa (B-M model) [7] . Both B-M and Martini's models are in good agreement with one another.
Note that a variety of IBS models were derived based on the original models of Bjorken-Mtingwa, Martini and Piwinski, which can produce different results, especially when used outside their region of applicability. In our experience with IBS simulations and experimental verification, exact Bjorken-Mtingwa [7] and Martini [5] models produced similar results both above and below transition energy of an accelerator.
Typical limitation of analytic models of IBS is that they are developed in an assumption of Gaussian distribution. In most situations such treatment is justified and models provide good agreement with experimental measurements (see Ref. [8] , for example). However, when distribution starts to deviate from Gaussian significantly, assumption of Gaussian distribution may result in inaccurate predictions. To address this issue 1-D FokkerPlanck approach was effectively used before [9] - [10] .
A more dramatic situation occurs when there is an externally applied force, like electron cooling. Since electron cooling force depends on the amplitudes of individual particles, the distribution under such force very quickly deviates from Gaussian. The problem of how to accurately account for IBS for such distributions became of special interest with a proposal to use electron cooling directly in a collider. Several approximate models were developed in the past to address this issue [11] [12] [13] .
A more general description requires full treatment of kinetic problem. Such a treatment was introduced in the BETACOOL code [14] under the name "local IBS model" [15] . In addition to extensive numerical tests it was also benchmarked vs. experimental data with results reported in Ref. [16] .
With application to ERLs, an approximate treatment using sliced-beam approach was suggested in Ref. [17] . In present report, a comparison between sliced-beam and local-IBS models is presented.
An analytic analysis of Coulomb scattering for a variety of distributions in 3-D was also performed in the past to understand possible halo formation in linear accelerators [18, 19] . These studies also discussed an extent of beam halo due to such collisions.
TOUSCHEK EFFECT AND SCALING FOR MULTI-PASS ERL
Theoretical investigation of Touschek effect in accelerator community started with assumption of flat beams and thus transfer of only horizontal momentum into longitudinal [1, 3] . An assumption of non-relativistic velocities of colliding particles in their center of mass system was also used. The theory was further extended to take into account the cross-section valid for relativistic velocities [20] . The treatment was later generalized to 2-D to take into account transfer of both horizontal and vertical momentum with assumption of transversely round beam [21] .
A more general treatment in 2-D for arbitrary ratios between horizontal and vertical amplitudes and arbitrary velocities was presented by Piwinski [22] . Piwinski's generalized expression produces other formulas by taking corresponding limits. This generalized expression of Piwinski was implemented in simulations codes and already applied for particle tracking in ERLs for APS [23] and Cornell [24] projects, for example.
For proposed eRHIC ERL [25] which is a multi-pass ERL with 6-pass acceleration to reach top energy and 6 passes to decelerate the beam, we are interested in the tails of loss distribution resulting from Touschek scattering. A net result for such distribution accumulated after total of 12 passes is shown in Fig. 1 for beam parameters shown in Table 1 . For this plot we used 2-D expression for the scattering rate from Ref. [21] . In the course of these studies, the question came up whether resulting distribution in Fig. 1 is dominated by low-energy or high-energy passes in our multi-pass ERL. To understand scaling we use the same expression from Ref. [21] : (1) but replace function F(ε) by its approximate value (2) valid for small ε where ε=((∆E m /E)/(γθ x )) 2 , and spread of the momentum in the horizontal and vertical directions is assumed the same (full coupling β x =β y ). Expressing in terms of the normalized emittances one gets:
where N is the number of particles per bunch, r c is the classical radius of particle, ε nx and ε ny are transverse normalized rms emittances, σ z is the rms bunch length, β x is average of the lattice beta-function and ∆E m is energy deviation in absolute energy units. Equation (3) shows how each pass contributes to the current-loss distribution from Touschek scattering, with higher energies giving the largest contribution. Such relative contribution from different energies for eRHIC is shown in Fig. 2 . 
IBS IN ERL
In comparison to circular accelerators, very large IBS growth rates are required to get noticeable distribution change because of a very short time the bunch spends in ERL. An order of magnitude estimate of both single and multiple scattering events can be obtained using, for example [18] : (4) where K n is the normalization coefficient for a specific distribution function (less than unity), σ p is rms energy spread, Λ n is the logarithm needed for some singular distributions in 3-D (not needed for a Gaussian distribution), and Λ c is the Coulomb logarithm (needed only for multiple scattering) the value of which varies from 10 to 15 for typical parameters of electron beams. Using parameters of some hypothetical high-brightness ERL from Table 2 , and putting K n =Λ n =1 for this order-ofmagnitude estimate, one gets IBS growth rates of about 1000 1/s which is large but not sufficient to cause any worry. One should note that growth rate will be significantly larger for low energies. As a result, the effect could be significant if one considers long transport of high-brightness beams at low energies. However, it was recently pointed out that electron distribution in ERL is highly non-Gaussian, especially in the longitudinal plane. As a result, local IBS longitudinal rates can be very large due to small local longitudinal velocity spread within longitudinal slices of beam distribution. A simplified model of sliced-beam approach was suggested to treat such non-Gaussian distributions in ERLs [17] .
A similar problem of IBS for non-Gaussian distribution was extensively studied in electron cooling community with a variety of approximate models developed. An approach based on amplitude-dependent diffusion coefficients was also implemented in BETACOOL code [14] with extensive numerical benchmarking and comparison with experimental data [16] . Such implementation allows one to treat IBS for arbitrary distribution in 3-D, including when distribution is affected not just by IBS but also by some other amplitudedependent force, like cooling. In the following section we present simulation comparison between such "local" IBS approach [16] and sliced-beam approximation which was also implemented in BETACOOL code [26] .
Before going into discussion of simulation results based on various models, we note that large local rate within a longitudinal slice of the beam should not necessarily lead to a significant change in beam distribution. The process of IBS is described by a diffusion in the velocity space. Since intrinsic momentum spread in typical ERL distribution is very small in each longitudinal slice of the beam, the longitudinal velocity spread in beam frame is much smaller than transverse. In such a case one can show that the longitudinal diffusion coefficient becomes almost independent of the longitudinal velocity spread (see [27, 13] , for example), and thus very little growth could be expected despite the fact that local longitudinal rates are very high.
SIMULATIONS OF IBS FOR ERL
For a test between "local" [15, 16] and "sliced-beam" approaches we use ERL beam distribution which was produced for our previous studies of high-energy electron cooling [28] . The histogram of velocities in such is shown in Fig. 3 , and the longitudinal phase-space in Fig. 4 . First, we choose such beam parameters that IBS rates calculated based on rms quantities are small 15 1/s and local rates within the slices (Fig. 5) are not sufficient to cause significant distribution change. We then track such distribution over 4 km of beam transport line using the BEATCOOL code. As expected, no effect is observed both with the "local" and "sliced" beam approaches, as shown in Figs. 6 and 7 , respectively. As a next test, we choose beam parameters for which IBS rates calculated based on rms quantities are significant: 1500 1/s and local rates within the slices are very large, as shown in Fig. 8 . One can see that only modest change of distribution is observed after 4 km of beam transport both with the "sliced" and "local" beam approach, as shown in Figs. 9 and 10, respectively. 
SUMMARY
In circular accelerators both the Touschek effect and IBS were found important. The generalized formulas for Touschek calculations are available and are already being used in advanced tracking simulations of several ERLbased projects.
The IBS (which is diffusion due to multiple Coulomb scattering) is not expected to cause any significant effect on beam distribution in ERLs, unless one considers very long transport of high-brightness beams at low energies. Both large and small-angle Coulomb scattering can contribute to halo formation in future ERLs with highbrightness beams, as follows from simple order-ofmagnitude estimates.
In this report, a test comparison between "local" and "sliced" IBS models within the BETACOOL code was presented for an illustrative ERL distribution. We also presented accumulated current loss distribution due to Touschek scattering for design parameters of ERL proposed for the eRHIC project, as well as scaling for multi-pass ERLs.
